We investigate the motion of the charged spin-0 particles subjected to the space-dependent electric and magnetic fields. By selecting the external fields oriented parallel and orthogonal to each other, exact solutions of the motion are obtained for the nonrelativistic and the relativistic cases. The quantized energy spectrum is determined by using the solutions obtained for the motion of the particles and dependence of the energy on the strengths of the electric and magnetic fields is discussed. We compared the energy spectrum of the nonrelativistic and the relativistic particles by using the numerical results obtained for the first few quantum levels.
Introduction
Electric and magnetic fields have lots of fundamental applications used in technology, especially in electrical engineering, electromechanics, particle physics, medical physics, and so forth. Fundamental processes occurring in these applications, developments on the intense particle beams generated by sources such as lasers, nuclear reactors, or accelerators, and appearance of the different configurations of parallel electric and magnetic fields in astrophysics dating from the discovery of the pulsars required noticeable interest on the exact solutions of the relativistic particle equations in external electromagnetic fields. Such efforts have been performed for different configurations of the external fields [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In these studies, the exact solutions of the nonrelativistic and relativistic wave equations have provided important information regarding the quantum mechanical system. They have been very useful in the interpretation of the physical processes like Compton scattering by a laser source and the Brownian motion, coherent states, and energy levels of electrons. As far as we know there are very few studies on the solution of the wave equation of the spinless particles for the coexistence of the electric and magnetic fields. In one of these, [4] has studied spinless particles for constant electric and magnetic fields.
The purpose of the present paper is to move this subject further. To this end we obtain the exact solutions of the spinless particles for two orientations of exponentially varying electric and magnetic fields that are given by Case (i):
− , where 0 , 0 are constants and is a constant parameter that weakens the strength of the external electromagnetic fields. The first and second cases belong to the parallel and orthogonal fields, respectively. We note that and variables are defined in the region [0, ∞) to keep the finite external fields. Such kind of exponentially varying electromagnetic field is encountered in magnetoplasma space [11] .
In the following sections, the exact solutions for nonrelativistic and relativistic cases will be obtained, respectively. By comparing the solutions of the nonrelativistic and relativistic wave equations of the spinless particles, contributions coming from the relativistic effects wil be considered and by using the mathematical properties of the wave functions we will obtain the energy spectrum for both cases. 
Solution of the Schrödinger Equation
Motion of the nonrelativistic spinless particles is described by the Schrödinger equation and in the existence of the external electromagnetic fields it is given by (we take ℏ = 1)
where is charge, is mass of the particle, is scalar potential, and ⃗ is the vector electromagnetic potential. In the following steps we solve the Schrödinger equation for different orientations of the external fields.
Case (i) ( ⃗ ‖ ⃗ ). We define the wave function by
Then, (1) becomes
It can be separated into two independent equations given by
where is a constant obtained from the separation. By introducing the variable = 2 0 − / 2 and writing
which is the Whittaker equation [12] whose solutions are the Whittaker functions represented by , ( ). Therefore, exact solution for (4) is
where and are given by = / and = ±√ 2 − / . For the requirement that the Whittaker functions must be bounded for the variable [12] we have
where is a positive integer. By using the explicit values of and in that expression we obtain the below condition for constant
which reveals that the motion of particle in ( , ) plane is quantized. Here, the definition = ( + 1/2) is made. The variation of the constant against parameter is depicted in Figure 1 . Equation (5) can be solved in the same manner. After defining a new variable in the form = −2 0 − , it turns into
The solution of this equation is [13] 
where ] are the Bessel functions and ] = (±(2/ ) √ − 2 ). Then, the exact solution is written in the form
where 1 is the normalization constant. By setting ] to a constant value, say , and using the expression obtained for we get the energy eigenvalues for the Schrödinger equation as follows:
This variation of the energy spectrum for nonrelativistic spinless particles as the function of the parameter is given in Figure 2 . the Schrödinger equation takes the following form:
Case (ii) ( ⃗ ⊥ ⃗ ). By defining the wave function as
Reusing = 2 0 − / 2 and writing ( ) = −1/2 ( ), we obtain the solution of the above equation in terms of the Whittaker functions:
exact solution of the Schrödingr equation is given by
where 2 is the normalization constant. By using (8) forã nd̃, we obtain the quantized kinetic energy spectrum as follows:
where = 0 / 0 ,̃= (̃+ 1/2), and̃is a positive integer. The change of the energy spectrum due to the parameter for the orthogonal electromagnetic fields is presented in Figure 3 .
The energy spectrum obtained above shows that the magnetic field exists from the beginning of the space. 0 has to take nonvanishing values lest the kinetic energy becomes infinite. Also the energy of the particles reduces by the increasing 0 . However, there should be a limitation on the increasing of the strength of the electric field so that the energy of particle has to be positive. Similar to the situation in classical motions electric field must be set to a much smaller value compared to the value of the magnetic field to ensure the kinetic energy is positive. This requirement can be seen explicitly by writing (18) in the limit of 0 ≫ 0 ,
It is clear from the resulting expression that the Schrödinger equation cannot be applied in this limit since the energy becomes comparable to the rest mass energy of the particle. For the nonrelativistic case we know that the difference between the total energy and rest mass energy is very small which means that the kinetic energy has to be very small compared to the rest mass energy.
Solution of the Klein-Gordon Equation
The Klein-Gordon equation for the relativistic spin-0 particles like pions or kaons interacting with electromagnetic fields is given by [14] [
where and are charge and mass of the particle and = ( 0 , ⃗ ) is the four-vector electromagnetic potential. We use the Heaviside units, ℏ = = 1.
Case (i) ( ⃗ ‖ ⃗ ). For that case we take the wave function in the form
and (20) turns into 
2 . This gives two independent equations in the forms
where is the separation constant for the Klein-Gordon equation.
One more time using the variable , and writing ( ) = −1/2 ( ), (23) reduces to the Whittaker equation and the solution is given by
where = / and = ±√ 2 − / . By using the condition given in (8) we obtain
The variation of the constant against parameter is seen in Figure 4 . In order to solve (24) we definẽ= (2 0 / ) − and write (̃) =̃− 1/2 ℎ(̃). With these definitions the resulting equation becomes the Whittaker equation and the solution is
where = / and = ±√( + 2 ) − 2 / . Thus, the exact solution of the Kein-Gordon equation for parallel electromagnetic fields is given by
where 3 is the normalization constant. Setting the to a constant value, say , and using the expression obtained in (26) for , we get the following energy 
The energy eigenvalues depending on the parameter for the parallel electromagnetic fields are seen in Figure 5 . Some numerical results for the energy eigenvalues of the spinless particles subjected to the parallel electric and magnetic fields are listed in Table 1 . We notice that the energy eigenvalues for the Schrödinger and Klein-Gordon particles present opposite behavior depending on the variation of Advances in High Energy Physics 5 parameter. This means that as the external fields become weak due to the increasing of the , the energy of the nonrelativistic particles increases whereas the energy of the relativistic particles decreases. Nevertheless this behavior is not stable due to the increasing values.
Case (ii) ( ⃗ ⊥ ⃗ ). By defining the wave function as
the Klein-Gordon equation takes the following form:
wherê
We analyse this equation by considering the relation of strengths of electric and magnetic fields. For the first situation let their magnitude be equal. In addition to that,̂( ) becomes independent of in case of the = and motion of particle becomes unrestricted. In order for the situation to be physical, the total energy must be greater than the momentum of the particle unless its mass equals zero. By this requirement,̂( ) has to depend on the . Therefore the form of thê( ) should be as follows:
In that case by defining a new variable as = − , (31) takes the form
whose solution is given in terms of the Bessel functions as follows:
where] = ∓2√ 2 + 2 + 2 − 2 / . Then, the exact solution is given by
For the other situation we consider the fields having different magnitudes. By keeping the form of (32) and 
where
Therefore, exact solution for the Klein-Gordon equation is given as follows:
where 4 is the normalization constant. Using the condition given by (8) for and , the quantized energy spectrum can be derived as follows:
wherẽ= (̃+ 1/2),̃is an integer, and = √ 2 0 − 2 2 0 . Figure 6 shows the dependence of the energy spectrum of the relativistic spinless particles on the parameter. Energy eigenvalues decrease with the increasing values that weaken the electromagnetic field strength.
Some numerical results for the energy eigenvalues of the particles in the case of the orthogonal electromagnetic fields are presented in Table 2 . The table reveals that as the external fields become weak, both the nonrelativistic and the relativistic spinless particles become more energetic up to some certain values of the and later their energy starts to decrease. This character is also applicable for = 2 and = 3. The total energy of the relativistic spinless particles reduces to the following form for pure magnetic fields:
Conclusion
We analysed the motion of the spinless particles in parallel and orthogonal electric and magnetic fields. Investigation was performed for nonrelativistic and relativistic cases to evaluate the contributions coming from the relativistic effects. It is found that, in the case of ⃗ ‖ ⃗ , the relativistic effects arise only for the motion in the -direction. In that case the Whittaker functions that occurred in the relativistic solutions are replaced by the Bessel functions for nonrelativistic solutions. In case of the orthogonal fields ⃗ ⊥ ⃗ , exact solutions of the Schrödinger and Klein-Gordon equations are found in terms of the Whittaker functions for unequal strength of the fields. For the relativistic case due to the equal strength of the fields the solutions are obtained in terms of the Bessel functions. In the case of the parallel fields the motion has a more complex form and has been described by the product of two functions. On account of restricted knowledge of recurrence relation between the product of the Whittaker and Bessel functions or between the unequal indexed Whittaker functions, we left the exact solutions in the obtained forms. This is not the case for the orthogonal fields in which the quantized energy spectrum was obtained directly by using the condition given with (8) for both the Schrödinger and Klein-Gordon equations.
The energy eigenvalues against the parameter were drawn for nonrelativistic and relativistic cases in Figures 2,   3 , 5, and 6. These figures show us that the number of the bound states for Schrödinger and Klein-Gordon equations in the presence of the exponentially decreasing electromagnetic fields is limited due to the increasing values of the that weaken the fields' strength. The energy eigenvalues decrease by increasing values of the and become negative finally. At these values of the the particles are not bounded anymore. By considering the energy expressions obtained for the Schrödinger and the Klein-Gordon equations for each case of the orientation of the fields, the values that cause the energy to be zero can be derived easily. These values are also seen from Figures 2, 3, 5 , and 6. The important point here is that although the values of the that set the energy to zero in the case of the parallel electromagnetic fields are independent of the , 0 , and 0 for the spinless particles, they depend on these parameters in the case of the orthogonal electromagnetic fields.
In order to see the correlation between the energy spectrum of both cases, we may write their limiting expressions as follows:
where the second term of the right side corresponds to the contribution of the relativity, and 
for which we impose the below two conditions:
(1) ( 0 / 0 ) 2 < 1,
The second term of the right side of (42) is the contribution coming from the relativity and the third term is the contribution of the external electromagnetic fields.
As a final remark by considering (9) and (26) we can say that the motion of the spinless particles in the case of parallel fields is quantized in ( , ) plane for the nonrelativistic and the relativistic cases.
